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Fracture behavior of notched unidirectional
Si-Ti-C-O/BMAS composite
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Experimental and modeling studies on tensile fracture behavior of notched unidirectional
Si-Ti-C-O (Tyranno fiber) reinforced BMAS (barium magnesium aluminosilicate) glass
matrix composite were carried out. The longitudinal crack arose at the tip of the transverse
notch before overall fracture. The critical energy release rate around at initiation of the
longitudinal cracking was estimated to be nearly 100 J/m? by application of the present
model to the experimentally observed relation between the stress of the composite in the
very early stage of longitudinal cracking and the notch size. The notched strength was
higher than that predicted by the fracture mechanical criterion due to the blunting arising
from the premature longitudinal cracking, but it was lower than that predicted by the net
stress criterion due to the constraint effect arising from the bridging of the fibers and the
spalling of the segmented matrix into the longitudinal crack. © 2000 Kluwer Academic
Publishers

1. Introduction the notched strength is not sensitive but not insensitive
Glass-ceramics such as LAS (lithium aluminosilicate),to the transverse notch, will be presented. In Section 4,
CAS (calcium aluminosilicate), MAS (magnesium alu- a simple model will be presented, with which the crit-
minosilicate) and BMAS (barium magnesium alumi- ical energy release rate for longitudinal cracking will
nosilicate) have an advantage over ceramics as a matrbe estimated for the feature (1) and the reason for the
material for fiber-composites in the fabrication procesdeature (2) will be accounted for.
on the point that the composites can be easily consol-
idated at lower temperatures and then the matrix Cay Eyveri

. Experimental procedure

be converted to crystallized glass-ceramic to achieve, s 1i.c.o (Tyranno fiber, F-grade)/BMAS com-
high temperature stability. Concerning the mechanical osite samples were fabricated at Ube Industries by the

property, it has been shown that the glass-ceramic mg, ethod shown in Ref. [3]. The volume fraction of the
trix composites have high specific strength, tothnesﬁbeer was 0.5 e

and high-temperature oxidation resistance [1-8]. The single-edge-notched specimens were used for

o e om et e. ST S The WY, IcknessT an te gage
g length were 5, 1 and 150 mm, respectively. The rela-

ceramic matrix cqmposites is the presence of thin Iaye{'ive notch length ¢/W wherec is the notch length)
of carbon at the interface. Tamueaal. [3] have also . was varied from zero to 0.5. The radius of the notch tip

shown that carbon-rich layer exists at the interface in,, . .
b . : as made to be 5@m with a saw. In order to avoid
the Si-Ti-C-O (Tyranno fiber)/BMAS composite. Such the damage of the specimens in the grips, GFRP (glass

31 Ci;?:nn t?]r C?Or&%r,:;écsr;iieé’ef%\gt?gnIg?]gef?bgrongl'l_ﬁber-reinforced plastics) tabs were pasted on both ends
9 gth, b . PUTof the specimens. Tensile test was carried out at room
out [5-7], which results in a flaw tolerable or notch-

insensitive behavior of composite over the unreinforce emperature ata cross-head speed86810~> mms.
matrix [8] P he fracture surface was observed with a scanning elec-

In the present work, tensile fracture behavior of thetron MICToSCope.

notched Si-Ti-C-O fiber-reinforced BMAS matrix com-

posite developed at Ube Industries [3] was studied aB8. Experimental results

room temperature. In Section 3, the experimentally ob3.1. Longitudinal cracking

served features of this composite that (1) a longitudinaln all notched specimens, longitudinal cracking, more
cracking occurs at the tip of the transverse notch and (2)r less, occurred at the tip of the transverse notch prior to

* Author to whom all correspondence should be addressed.
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Figure 1 Appearance of the specimens during tensile test showing occurrence of the longitudinal cracking for (a) long and (b) short distances. Some

specimens showed (a) and others (b) prior to the overall fracture. The fracture surface of the longitudinally cracked portion indicated byrthe arrow i
(a) will be shown later in Fig. 3.
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Figure 3 Surface of the longitudinal crack indicated by the arrow in
Figure 2 Measured stress of the compositep at which the length of  Fig. 1a.
the longitudinal cracking reaches 1én plotted against relative notch
lengthc/W. The closed circles show the average of 2 specimens. The

broken and dotted curves.show. the f:alculate,.q-c/w relations for c/W is shown in Fig. 2. Evidently, the values 6f o
= O and 50 MPa, respectively, in which the critical energy release ratedecreases with increasingW. ’
GL ¢ is taken to be 100 J/fn . . .
Fig. 3 shows the surface of the longitudinal crack in-
dicated by the arrow in Fig. 1a. The interfacial debond-
ing between fiber and matrix, and segmentation and
the overall fracture. Fig. 1(a) shows the case where thepalling of the matrix are found. It is suggested that the
longitudinal cracking occurred for long distance nearlysegmented matrix spallen into the longitudinal crack
up to the end of specimen and (b) the case where #cts to generate frictional stress between the crack sur-
occurred for short distance, followed by the complexfaces. Fig. 4 shows the bridging of the fibers observed
progress of overall fracture. during progress of the longitudinal crack. Itis suggested
As it was difficult to estimate experimentally the ex- that the bridging acts to give the constraint effect and
act composite stress at initiation of the longitudinalto retard the growth of longitudinal cracking.
crack, the stress of composite at which the length of
the longitudinal cracking reaches around 108 was
measured. Hereafter such a stress of composite arour®d2. Notched strength and fracture surface
atinitiation is described ag, 0. The experimentalresult As shown in Fig. 1, the notch does not propagate
for the variation ofo¢ ¢ with the relative notch length into transverse direction due to the growth of the
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Figure 4 Bridging of the fibers observed during the growth of the longitudinal crack.
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Figure 5 Fracture surface of the notched specimen, showing long pull- 0 0.1 0.2 0.3 0.4 0.5
out of fibers. Relative notch length, ¢/W

Figure 6 Measured fracture strengf¢ plotted againstc/W. The

| itudinal K prior to th Il fract Thi closed squares show the average and the error bars show the maximum
ongitudinal crack prior to the overall iracture. IS and minimum of 5 specimens foy W = 0 and those of 3 specimens for

can be attributed to the weak interface between fibeg/w = 0.1 to 0.5. If the composite is assumed to be completely notch-
and matrix, which is demonstrated by the interfacialinsensitive, namely if the premature longitudinal cracking occurs over the

debonding in Fig. 3 and by the long pull-out of the e_ntire gage Iength_and there is no interaction be_tween the separated por-
fibers in the final fracture surface in Fig 5 tions, the strength is expected to decrease with increagvbas shown
Fia. 6 sh th d fract t. ’ lot with broken line shown by t = o¢ t,c/w =0 (1— ¢/ W) (net stress crite-

I9. b Shows the measured Iracture s rera:gpip ot- rion) whereoc 1 c/w —o is the strength of the unnotched specimen. If the

ted againstc/W. The closed squares show the av-composite is assumed to be completely notch sensitive, namely if no pre-
erage measured values and the error bars show thature longitudinal cracking occurs, the strength is expected to decrease
maximum and minim measured values among 5 spec}Nith increasing:/W as shown with the brokgn curye; fidic =10 and
mens forc/ W = 0 (unnotched) and among 3 specimenszo MPa(mj/? for instance (_frgcture r_nechamc_al criterion). The strength
L of the present composite is in the intermediate range between the net
forc/W=0.11t0 0.5. _If the gpmposne IS .assumed to stress- and fracture mechanical criteria.
be completely notch-insensitive, namely if the prema-
ture longitudinal cracking occurs over the entire gage
length and no interaction between the separated twaootch sensitive, namely if no premature longitudinal
portions, the strength is expected to decrease with ineracking occurs and the linear elastic fracture mechan-
creasingc/ W as shown with the broken line indicated ical criterion can be applied, the strength is expected to
by oct=o0ctcow=0 (L—Cc/W) (net stress criterion) decrease sharply with increasingW as shown with
whereog  ¢/w — o is the strength of the unnotched spec-the broken curves foKc = 10 and 20 MPa (n#)? for
imen. If the composite is assumed to be completelyinstance. The strength of the present composite is in the
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intermediate range between the net stress- and fractui X

mechanical criteria. 1 9. Ne....1....X\ A
4. Modeling and discussion A A A .
4.1. Simplified modeling for calculation S Reglon A
of energy release rate for longitudinal
cracking and of stress distribution A |
under existence of the longitudinal '
cracking SRR Region B
A simplified model for calculation of the energy release| @ |
rate for the longitudinal cracking to arise and of the |—— o 4 0
variation of the stress distribution with progress of the| { #i ' .
longitudinal cracking is presented in 4.1. This model N S S - LOIlgltlldlllal
is applied to the experimental results, and the critical| | | | crack

energy release rate for the very early stage of longitu-
dinal cracking is estimated in 4.2. The reason, why the| : | : & @ @ @ !
notched strength was in the intermediate range betwee| | Li— & & & & | Notch
the fracture mechanical- and net stress criteria, is ac| Do Do
counted forin 4.3 from the calculated stress distribution
in the composite with longitudinal cracking.

4.1.1. Simplification

The longitudinal cracking is accompanied with multi- Figure 7 Two-dimensional modeling for calculation. The composite

ple breakage of matrix, debonding of interface, spallingwas regarded to be composed of many mini-composite-elements, which

of the Segmented matrix into the crack and bridgingwere_ nu_mbered 1_ to N from left to right_ sides. The regign, where the

of fibers as shown above. The description of this phel_ongnudlnal cr_ackmg has not ogcurred, is calleq as Region A, and the

. . . . region where it has occurred loyin length as Region B.

nomenon requires the three-dimensional analysis con-

taining such phenomena, which, however, cannot be

solved in a rigid manner at present. From the practistresst; at the “Nc”/“Nc+ 1" interface, to a first ap-

cal viewpoint, it is needed to develop the estimationproximation.

method, which may be rough but can describe outlines

quickly. One of the candidates for this aim is to use the

concept and mathematical technique of the shear lad.1.2. Equations for stress equilibrium

analysis method [10-17]. In this work, as one step, a'he displacement of theé™elementis defined ag and

simplified two-dimensional model using the shear lagthat of the interface between™and “i 4+ 1" elements

analysis modified to be applicable to ceramic matrixasui, 1, which are a function ok. In Region A, the

composites [14-17] is presented. exerted shear stress at the interface betweéémrid
The composite with a widti/ and a thicknes$ was  “i 4 1” elementsr; /1), is given by the Dow’s method

regarded to be composed of mini-composite-elementEL8] as follows.

with awidthD. The element at the left side is numbered

as “1”, the next one as “2”, and then “3”, “4’, . to T oty = (Uist — Ui jisn) &

“N”, as shown in Fig. 7. “1” to “Nc” elements are cut V) = i AU B 2

due to the introduction of the notch. The width, cross-

sectional area, Young’s modulus and shear modulus of = (Uijisn — ) Gc 1)
each element are given Wy, A(=TD), E. and G, R 1Y)
respectively.

When the applied stress exceeds the critical valueEliminatingu; /i1 in Equation (1) /i +1) is expressed
the longitudinal cracking occurs at the interface be-as
tween “Nc” and “Nc+ 1" elements. In this work, the G
longitudinal cracking was judged to occur when the Tii41) = <_0>(ui+l —u) )
length d of the crack reached 1Q0m, as has been D
stated in Section 3. Then the situation bt 0 is con-
sidered. We divide the specimen into two regions forThe interfacial shear stress between “Nc” and “Nt”
convenience: Regions A and B in which the longitu- €lementszne/ e+ 1), in Region A, is expressed by
dinal cracking has not occurred and it has occurred,
respectively. Noting the distance in longitudinal direc-
tion from the notch ag, Regions A and B covet < x
and 0< x < d, respectively. In Region B, the bridging
of fibers and spalling of segmented matrix into the crackn Region B, the interface between “Nc”- and “Ncl”-
are regarded to act as the cause of the frictional shealements is broken but the frictional shear stress

Ge

TN/(Ne+1) = <B>(UNC+1 — Unc) 3
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(assumed to be constant to a first approximation) is (i) At x=0, the displacements of the uncut ele-
exerted so thatye/(Nc + 1) for 0< x <d is given by ments (“Nc+1” to “N”) are zero; (f)x—o=0 (i =
Nc+ 1 to N), and the strains of the cut elements are
(4)  zero; (d1f /dx)x—o=0 (i =1 to Nc).

(i) At x=d, the displacements and strains are
whereg is the parameter indicating the direction of the CONtiNUOUS; §)x=q = (Uf)x=a and (dif*/dxX)x=a =
frictional shear stress, being 1 and. whenu®.,, —  (duf/dx)x—q (i =1 to N). _

UNc >~ 0 and<0, respectively. (iii) At x =00, the strain of each element is equal to
The shear stresses at the left and right side surfacés/Ec (i =1toN).

of “1” and “N” elements are zero, respectively. From

these situations, the equations to salydor Regions

A and B fori =1 to N are given as follows.

= B

TNc/(Nc+1)

4.1.4. Calculation of stress distribution

Region A:

> —uf)=0 (5

Ge
) (5).H
(i=2toN—-1) (6)

d2 A GC
DEc( d)L(12N> - (3) (UQ - uﬁl—l) =0 (7)

2t +uft ) =0

d?uB G
DEC( dX;) + (ﬁ)(U? —up)=0 (@8
d?uf G
DEC< v ) + (BC)( Pi—2up+ul ) =0
(i=2toNc—1) (9)
d?ul G
DEC< dxr;c (BC) Une — UNe— 1) +Bu=0

and energy release rate for

longitudinal cracking
WhenAj andCj-values are determined by the bound-
ary conditions mentioned above, the stress of each el-
ement at any is calculated byE. (du; /dx). Also the
shear stress is calculated by Equations 2 to 4.

When the area of the cracked interface increases from
S=Td)to S+ AS{=T(d + Ad)} under an applied
load P(= oW T), the energy release rate for the longi-
tudinal cracking is given by

(W — AUg)
| Mg ] a9
whereW, is the work done by the applied load antlle
is the difference in internal energy due to the growth of
the debonding byASin area. The details to calculate
Equation 14 is presented in Appendix 2.

4.2. Energy release rate for longitudinal
cracking around at initiation

Following values were used for calculatiohy =

5 mm,c/W =0.11t0 0.5 in step of 0.1, =130 GPa,

G =52 GPa and; =0 to 50 MPa. Fig. 8 shows varia-

tions of the energy release rdgg for the longitudinal

cracking ad = 100m at the Nc/(Nct 1) interface as

) (10)
|

d?ul G
DTt )+ () WRerz - UBers) — e =0
dx? D _ 250
11 £
2B o 2T 200
deui G > £ m = n
DEC< dx;>+(ﬁ°)( Bi—2u®+ul ) =0 5 3_, _
S .
(i=Nc+2toN—1) (12) % g '°°
d?uf G S §
N ¢\ B _ B = IR s, V// AN =50MPa.
DEC( o ) - (B)(UN —un_1) =0 (13) % o 100 f
T ® B
. . > 2 50 - 2
where the superscripts A and B farrefer to Regions 3 £ (G| c=100J/m<)
A and B, respectively. :cj 8
(5]

The Equations 5 to 13 were solved by using the math- 0
ematical technique shown elsewhere [16, 17]. The de
rived general solution af; (i =1 to N) for Regions A

and B are shownin Appendix 1. T andC; (i =1t0  Figure 8 Variations of the energy release rade for the longitudinal
2N) in Equations A1-A3 are unknown constants whichcracking atd = 100,.m at the Nc/(Net- 1) interface as a function of ap-
can be solved by the foIIowing boundary conditions. plied stress of_compositee, for ¢/W=0.1,0.3 and 0.5_as an example.
In the calculationzs was varied from 0 to 50 MPa and it was found that
the G. — o curves were not much affected by the valuerof so that

the calculation results only faf =0 and 50 MPa are representatively
presented in this figure. If the critical energy release rate for the longitu-
dinal crackingG, ., is taken to be 100 J/nthe cracking foc/W = 0.3
occurs at A and B fot; =0 and 50 MPa, respectively.

! 1 1
150 200 250

1
100
Stress of composite, o,(MPa)

300

4.1.3. Boundary conditions
Noting the applied stress ag, the boundary conditions
are given as follows.
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Figure 10 Distribution of the tensile stresg (x) in the “i” component-
element {(=Nc+ 1 to N) alongx axis for an example of/W = 0.4,

Figure 9 Calculated variations of the stress of composigg atd= ¢~ 236 MPazf =20 MPa andl = 5 mm.

100um of the longitudinal cracking as a function®fW for the critical

energy release ratg, =30, 100 and 200 Jifn
4.3. Notched strength

As shown in 3.2, the notched strength of the present
a function of applied stress of composite, As the composite was lower than that predicted by the net
calculatedG — o curves forr; = 10 to 40 MPa were  stress criterion but higher than that predicted by the
within the range fors = 0 and 50 MPa, only the results fracture mechanical criterion. Namely the notched
for s =0 and 50 MPa are presented in this figure. Evi-strength was not insensitive to the notch in spite of the
dently,G_-value increases with increasiogW atany  premature longitudinal cracking but not so sensitive as
oc, indicating that the larger the notch size, the higheiin the case of no premature cracking. Such a behavior
becomes the energy release rate and hence the lowean be accounted for as follows.
becomes the stress of composite around at initiation.  Fig. 10 shows the distribution of the tensile stress

When a critical energy release rat®, ¢, is given, (x)inthe“i” component-element & Nc+ 1 toN) for
the stress of composite around at initiation of the lon-an example o€/ W = 0.4, 0. = 236 MPa,is = 20 MPa
gitudinal crackinggc 0, can be known as the stress sat-andd =5 mm. As the length of the longitudinal crack
isfying G_. =G| ¢ intheG — o curves in Fig. 8. For is different from specimen to specimen, the case of
instance, ifG ; is assumed to be 100 J?mheoc’o— d =5 mm s taken as an example. In Region B in which
values forr; = 0 and 50 MPa in the case of W=0.3  the longitudinal crack has occurred (Fig. 7), the stress
are known fromA and B, respectively. Fig. 9 shows level decreases with increasingcorresponding to the
thus calculated o-c/ W relations for the assumed val- transverse distance from the notchijn Fig. 7) at any
ues ofG =30, 100 and 200 JifnThe difference in  x, while, in Region A in which the longitudinal crack
oc,0 due to the difference im is small. has not occurred, the stress level, roughly speaking, in-

The result stated above suggests that the approximateeases with increasin ). Also the stress of “Ne- 1”

G c-value can be estimated by the curve-fitting to theand “Nc+ 2” elements have two extremesat 0 and
experimentally observeg o-c/ W curve even though d. Especially, the extreme at=d of “Nc + 1” element
7i-value is unknown. In the present composite, wheris very high. In this way, the stress is concentrated es-
G is taken to be 100 J/fthe experimental results pecially for the “Nc+ 1" element in Region B while
could be described fairly well, as shown in Fig. 2. In no such stress concentration arises if the longitudinal
this way, the critical energy release rate for longitudinalcrack occurs entirely the length and no interaction oc-
cracking in the very early stage £ 100«m) oraround  curs between the separated two portions (corresponding
at initiation of the present composite was identified toto t; = 0 andd = infinite in this model).

be around 100 J/frto a first approximation. In this way, the stress distribution of the “N¢1” el-

The G_-value is not sensitive tes-value only for ement can be taken as the representative to express the
the very early stage. Evenif-value is assumed to re- stress concentration. Following three cases were taken
main constant for ang, the G, -value varies withd  up and the extent of stress concentration of “Nt”
as similarly as the debonding between fiber and matrixelement was compared to each other; case (A) in which
in unidirectional fiber-reinforced composites [15-17]. the premature longitudinal cracking is assumed not to
Therefore, the present method to estim@te; is lim-  occur, corresponding to the notch sensitive situation
ited only to the early stage of cracking. In the practicalwhere the notched strength can be described by the
cracking process, the value®gfis considered to change fracture mechanical criterion; case (B) in which the
with increasing length of the longitudinal crack due to premature longitudinal crack is assumed to have oc-
the change in extent of the bridging of fibers and thecurred for the length of 2, 5 and 8 mm under the con-
spallings of the segmented matrix into the crack. Thudlition of 7; =20 MPa, corresponding to the situation
the energy release rate is expected to be given as a funathere the notched strength can be higher than that for
tion of the crack length, which shall be studied as thecase (A) but lower than that for case (C) below, as in the
next work. present specimens; and case (C) in which the premature
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1000 . . . T and the transverse notch size, the critical energy release
rate for the longitudinal cracking around at initiation
Case (A was estimated to be nearly 100 3/m
800'/ y (3) The notched strength was higher than that pre-
Case Case(C) dicted by the fracture mechanical criterion due to the
blunting arising from the premature longitudinal crack-
ing, but, itwas lower than that predicted by the net stress
criterion due to the constraint effect arising from the
bridging of the fibers and the spalling of the segmented
matrix into the longitudinal crack.

(o2}
o
o

ONc+1(X)(MPa)
N
o
(@)

200 -
Appendix 1: General solutions of u;

The general solution af; (i =1 to N) for Regions A
' ' L ' and B can be expressed as follows.

0 2 4 6 8 10 Region A:
Distance from notch, x(mm)

Stress of "Nc+1" -component-element,

2(N-1
Figure 11 Distribution of tensile stressoncy1 in the “Nc+1” )

component-element alongaxis calculated for cases (A), (B) and (C) Z AjBij expkjXx) + Axn-1X + Agn
for an example of/W = 0.4 ando; = 236 MPa.

(i =1toN) (A1)

longitudinal cracking is assumed to have occurred en-

tirely the specimen length and no interaction occurs

between the separated portioms= 0), corresponding 2(No-1)

to the case where the notched strength can be given b

the net stress criterion. ’ ’ YuP= D CiDijexprjx) + Cone 1+ Cane
Fig. 11 shows the calculation results. In case (A), the

stress near the notch tip is very high. The highest stress { 1 } Brix?

Region B:

j=1

level for case (B) is intermediate between the highest DE.| 2Nc + Xi i

stress levels for cases (A) and (C). Inthis way, the higher

strength of the present specimens than that predicted by (i=1toNc) (A2)

the fracture mechanical criterion can be attributed to 2N-D

the premature longitudinal cracking, which reducesthe Y = Y~ C;iDijexp@jx)+ Con-1X + Con
stress concentration (blunting), and the lower strength J=2Nc+1

than that predicted by the net stress criterion can be 1 Brix?

attributed to the occurrence of the stress concentration + { DE }Z(N ~NO + YiBr

due to the existence of the frictional stress arising from ¢ .

the bridging of the fibers and spalling of the matrix (i=Nc+1toN) (A3)

segments.

There was the tendency in the calculation result thawhere A;’s andC;’s (j =1 to 2N) are the unknown
the larger thel, the lower becomes the stress concentraconstants to be solved from the boundary conditions.
tion atx =d. The experimentally observed tendency,Kj's (j=1t0 2N —2), vj's (i=1to 2N -2), B j's
that the notched strength is high when the specimefi =1toN, j=1t02N—-2),D;j;'s(i=1toN, j=1
fractures after large progress of the premature longito 2N —2), X; (i=1 to Nc) andY; (i=Nc+1 to
tudinal cracking, might be attributed partly to such aN) are mathematically determined constants Arid
dependency of the length of the premature longitudinathe direction parameter of the frictional shear stress,
cracking on the blunting effect. which is given by—1 in the present configuration, since

Unct1 — Une < 0 in Region B.

5. Conclusions

Tensile fracture behavior of notched unidirectional Si-Appendix 2: Calculation method of energy

Ti-C-O /BMAS composite was studied experimentally. release rate for longitudinal cracking

To account for the experimental results, a simple modeNoting the A,y -values for the longitudinal crack areas

using the shear lag analysis was applied. Main result§+ AS and S as Ayn(S+ AS) and Ay (S), respec-

are summarized as follows. tively, the difference in the displacement at infinity is

expressed byon (S+ A S) — Aon(S) from the bound-

(1) The longitudinal crack arose at the tip of the trans-ary condition forx = oo mentioned in 4.1 (C). As the

verse notch before overall fracture. composite deforms for both and —x directions, the
(2) From the application of the present model to thework done by the applied loal, W, is given by

experimentally observed relation between the stress of

the composite inthe early stage of longitudinal cracking Wy = 2P{Aon(S+ AS) — Aon(S)} (A4)
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The difference in internal energyUe is given by from whose summation far=1 to N, the AUg was
calculated.
AUg = (AU + AUg) (A5) For the calculation of th&y-value, Narin’s method
[1]was applied; for the two situations where the cracked
whereAUg andAUg are the differences in tensile and area grows fronSto S+ AS; andS+ AS, the corre-
shear strain energies before and after the growth of lonsponding values ofW, — AU¢)/AS were calculated.
gitudinal crack byA Sin area, respectively, which can ThenG_-value was obtained by the linear extrapolation
be calculated in a following manner. Noting the dis- of these values ta S(Ad) =0 by Equation 14.
placement of thei” element for the cracked areas for
SandS+ ASasu;i(S) andu; (S+ AS), respectively,
the difference in internal energ&Ug; in the “i” ele-
ment due to the increase in the cracked area f&m
S+ ASis expressed as,
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